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Abstract
We consider a hybrid model, created by coupling a continuum and an agent-based
model of infectious disease. The framework of the hybrid model provides a mechanism
to study the spread of infection at both the individual and population levels. This
approach captures the stochastic spatial heterogeneity at the individual level, which is
directly related to deterministic population level properties. This facilitates the study
of spatial aspects of the epidemic process. A spatial analysis, involving counting the
number of infectious agents in equally sized bins, reveals when the spatial domain is
nonhomogeneous.
2010 Mathematics subject classification: primary 37B15; secondary 92D30.
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1. Introduction
There exist a variety of approaches to the mathematical modelling of infectious
diseases, with deterministic, stochastic and agent-based methods all having been used
to study the spread of infection in a population [2, 3, 8, 18, 20, 21, 24, 25, 31, 33]. The
majority of these models are ordinary differential equations (that is, continuum) or
Markov chain models, and ignore the spatial aspects of the epidemic process. The
benefit of these models is that they are typically relatively easy to analyse and to
parameterize using data.
More recent work has investigated the use of agent-based models to describe the
localized spatial properties of an epidemic [33]. The classic work of Dr. John Snow
on cholera in London is an excellent example to highlight the importance of studying
the spatial aspects of disease spread in order to facilitate control [30]. The importance
of spatial effects in controlling disease spread has been relevant in Australia. For
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example, the first confirmed case in Australia of the 2009 influenza A(H1N1)pdm
pandemic was recorded in Queensland from a passenger who arrived from the United
States on May 9 [22]. Victoria confirmed its first case on May 30, and Western
Australia confirmed its first case on May 24 [22]. In this context, it makes little
sense to treat the entire Australian population as a well-mixed system since spatial
effects were important in the way that the disease was introduced into Australia. In this
particular example, these spatial differences seem to be very important as the disease
progression in Victoria and Western Australia was very different. Spatial effects could
also be very important in the way that different Australian states (or different regions
within each state) respond in terms of introducing different public health strategies
at various times during an epidemic. Agent-based models provide one avenue for
investigating these important spatial differences. However, agent-based models come
with difficulties in terms of the choice of rules governing dynamics and the intimately
related parameterization using data.
The term hybrid modelling (continuum and agent-based) has several meanings in
the existing literature [15], and perhaps the most common use is to describe a system
in which some of the quantities of interest are modelled as a continuum while other
quantities are modelled as collections of agents [1, 10, 11, 16, 17]. Alternatively,
hybrid modelling can refer to using both the continuum and agent-based descriptions
for the same quantity of interest [8, 14, 26, 32]; the idea behind this approach is to
switch from the agent-based to the continuum description when the number of agents
reaches some threshold within spatial regions of the domain, typically dictated by
computational feasibility.
Here we consider a hybrid model which is a first attempt to develop a framework
for infectious disease modelling that allows for the study of the spatial properties of
an epidemic, yet is still relatively easy to parameterize. Our model is unlike other
agent-based models, where the numbers of agents and events evolve directly from the
agent-based mechanisms [4, 7, 27, 29]. Our approach, on the other hand, allows for
precise modelling of the spatial aspects under prescribed population level changes. To
demonstrate the potential of this framework, we perform a spatial analysis to reveal
when the spatial domain is nonhomogeneous.
The hybrid model consists of transmission and motility mechanisms. There is no
mechanism for the recovery or removal of infected individuals. The (agent-based)
mechanisms are similar to the cell proliferation and motility rules used in earlier
work by the first and third authors [4, 7, 27, 29]. Only nearest neighbour events are
considered, but other long distance events such as next nearest neighbour transmissions
could be modelled using our framework. We first consider these mechanisms
separately before combining them in our complete hybrid model of an epidemic.
2. Transmission
Consider a population which consists of susceptible, infectious and recovered (or
removed) individuals. The so-called S IR model [12] describes the evolution of the
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proportions S (t), I(t) and R(t), respectively, of these three types, with transmission
β and recovery γ rate parameters; the model consists of the system of ordinary
differential equations
dS (t)
dt
= −βS (t)I(t), (2.1)
dI(t)
dt
= βS (t)I(t) − γI(t), (2.2)
dR(t)
dt
= γI(t),
S (t) + I(t) + R(t) = 1. (2.3)
When there is no recovery of infectious individuals (γ = 0), the S IR model reduces
to the S I model (with R(0) = 0). Using (2.1), (2.2) and (2.3), the evolution of the
proportion of infectious individuals in the population is then governed by the single
ordinary differential equation
dI(t)
dt
= βI(t)(1 − I(t)),
with solution
I(t) =
I(0)eβt
1 + I(0)(eβt − 1) . (2.4)
If the spread of infection is due solely to the transmission mechanism, equation (2.4)
is the basis of the continuum component of our hybrid model, which is subsequently
coupled to an agent-based model.
The agent-based component of the hybrid model consists of a rectangular lattice
domain with agents located at the discrete integer points (x, y), where 1 ≤ x ≤ L and
1 ≤ y ≤ H. Each lattice site is occupied by either a single infectious or susceptible
agent. The total number of infectious agents n(t) at any discrete time t is predetermined
by (2.4), and we have
n(t) = bI(t)LHc.
During a single time step from t to t + 1, infectious agents are selected using
the random sequential update method described by Chowdhury et al. [9] and given
the opportunity to transmit the infection to susceptible agents. A chosen infectious
agent at (x, y) attempts to transmit the infection to one of the nearest neighbour
sites (x ± 1, y ± 1), with equal probability 1/4. If the target site for transmission is
occupied by a susceptible agent, the susceptible agent changes to an infectious agent;
see Figure 1(a). If the target site for transmission is already an infectious agent, the
event is aborted. This process is repeated until the total number of infectious agents in
the domain is n(t + 1).
Shown in Figures 2(b) and 2(c) are simulations of the spread of infection for
a transmission rate parameter β = 0.125 and I(0) = 0.1. The domain was initially
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F 1. Agent transmission and motility mechanisms, susceptible (white) and infectious (light and dark
grey).
populated uniformly at random with n(0) = I(0)LH infectious agents; see Figure 2(a).
A check that the evolution of the proportion of infectious agents within the domain
is the same as that of (2.4) is illustrated in Figure 2(d). This is expected, as the
agent numbers are predetermined by the continuum component of the hybrid model.
The results show that there is spatial dependence in the domain, forming clusters of
infectious hosts. This spatial heterogeneity is also observed for a nonuniform initial
condition, as illustrated in Figures 2(e) and 2(f).
Next we consider solely the motility mechanism, before combining both the
transmission and motility mechanisms in the hybrid model.
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F 2. Transmission of infection for L = H = 100. (a)–(c) Simulations with I(0) = 0.1 and β = 0.125.
(d) Evolution of the proportion of the population that is infectious for I(0) = 0.1. The markers are from
the hybrid model and the solid curves are solutions of (2.4). From bottom to top, β = 0.125, 0.25, 0.5, 1.
(e) and (f) Simulations with I(0) = 0.015 and β = 0.5.
3. Motility
The continuum component of the hybrid model is now spatially dependent, and
the evolution (in the x direction) of the proportion of infectious individuals within the
population is I(x, t). Assuming that the infectious hosts undergo an unbiased random
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walk, we have the linear diffusion equation
∂I(x, t)
∂t
= D
∂2I(x, t)
∂x2
, (3.1)
where D is the diffusivity coefficient.
When there is no transmission of infection, the total number of agents remains
constant for all time. For the agent-based component of the hybrid model, at any
discrete time t there are
n =
⌊
H
∫ L
0
I(x, 0) dx
⌋
infectious agents in the domain. The predetermined total number of agent-based
motility events during a time step is related to the diffusivity by
nd = b4Dnc.
For each agent-based motility event, an infectious agent is selected using the
random sequential update method described by Chowdhury et al. [9] and given
the opportunity to move. A selected infectious agent at (x, y) moves to one of
the nearest neighbour sites (x ± 1, y ± 1), each having equal probability 1/4. The
agent (susceptible or infectious) residing at the target site swaps its position with
the infectious agent at (x, y); see Figure 1(b). This consequently results in an
unbiased random walk; the movement probabilities are unaffected by the proportion
of infectious and susceptible agents within the total population.
Figure 3(a) is a typical initial condition of the hybrid model. The columns
of the lattice, c(x, 0), were populated uniformly at random with infectious agents
according to
c(x, 0) =
H
2
(Θ(x − 40) − Θ(x − 60)),
where Θ(x) is the Heaviside or unit step function. A simulation of the initial condition
is shown in Figure 3(b).
A realization of the path taken by an infectious agent (x(t), y(t)) while on its random
walk is presented in Figure 3(c). The evolution of the squared displacements of this
(tracked) infectious agent is given by
X(t) =
t∑
i=1
(x(i) − x(i − 1))2, Y(t) =
t∑
i=1
(y(i) − y(i − 1))2,
which is illustrated in Figure 3(d). As expected, the gradients X′(t) and Y ′(t) are related
to the diffusivity by
X′(t) ≈ Y ′(t) ≈ 2D.
This provides a check that the hybrid model is consistent with the continuum
model (3.1).
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F 3. Motility of infection for D = 0.25, L = 100 and H = 20. (a) Typical initial condition for
infectious agents. (b) Simulation of the initial condition, using the hybrid motility mechanism. (c) Typical
path taken by an infectious agent during its random walk. (d) Squared displacement of path taken by an
infectious agent. The solid curve is X(t) and the dashed curve Y(t). (e) Proportion of infectious agents
(solid curves, N = 25) from the hybrid model compared with the solution (dashed curves) of the linear
diffusion equation (3.1).
Another comparison between the hybrid (solid curves) and continuum (dashed
curves) models is made in Figure 3(e). For this comparison, we first define ci(x, t)
to be the total number of infectious agents in column x of the lattice after t steps of the
ith realization. Then for N realizations starting from the same initial condition, we can
define an average column infectious agent proportion as
Ih(x, t) =
1
NY
N∑
i=1
ci(x, t), (3.2)
which is compared to the solution of the linear diffusion equation (3.1). We see that
there is excellent agreement between the hybrid and continuum models in Figure 3(e).
Next we consider both the transmission and motility mechanisms in the hybrid
model.
4. Transmission and motility
When the transmission and motility mechanisms are combined, the corresponding
continuum model is Fisher’s equation,
∂I(x, t)
∂t
= D
∂2I(x, t)
∂x2
+ βI(x, t)(1 − I(x, t)). (4.1)
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F 4. Transmission and motility of infection for D = 0.25, β = 0.1, L = 100 and H = 20. (a) and (b)
Simulations of the initial condition shown in Figure 3(a). (c) Proportion of infectious agents (solid curves,
N = 25) from the hybrid model compared with the solution of Fisher’s equation (dashed curves).
Now both the transmission and motility rules are applied to the infectious agents in
the domain. The predetermined number n(t) of infectious agents in the hybrid model
at any time t is given by the solution to Fisher’s equation and
n(t) =
⌊
H
∫ L
0
I(x, t) dx
⌋
.
The integral is solved numerically using the trapezoidal rule. Equation (4.1) is solved
using a finite difference scheme with constant grid spacing δx and implicit Euler
stepping with constant time steps δt. A Picard linearization, with tolerance , is used to
solve the transformed nonlinear algebraic equations. All results presented in this work
correspond to δx = 0.1, δt = 0.05 and  = 1 × 10−4. The number of motility events
during a time step of the hybrid model is then
nd(t) = b4Dn(t)c.
The results in Figure 4(c) show that the average properties of the hybrid model (3.2)
follow the solution of Fisher’s equation (4.1). After sufficient time, for this initial
condition we see two travelling waves of infection with constant speed
s = 2
√
βD,
moving in both the negative and positive x directions. Following Simpson et al. [28],
we checked that our simulations matched this result for the wave speed.
Next we illustrate the potential for using this framework to study the spatial
properties of the epidemic process, by investigating the evolution of the spatial
distribution of an initial population of infectious agents that is dispersed uniformly
at random throughout the whole domain.
5. Spatial analysis
The spatial distribution of the infectious agents may be quantified by calculating a
scaled variance or index [5, 6, 23]. To calculate the index, the domain LH is divided
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into M equal-sized square bins. At any time t there are a total of n(t) infectious agents
in the domain LH. If bi(t) is the number of infectious agents in bin i, i = 1, . . . , M,
then the average bin count is n(t)/M and the variance of the bin counts is
σ2(t) =
1
M
M∑
i=1
(
bi(t) − n(t)M
)2
.
The index is a scaled variance given by
j(t) =
σ2(t)
σ20(t)
, (5.1)
where
σ20(t) = n
2(t)
( M − 1
M2
)
.
The index (5.1) ranges from unity, for a completely segregated state (when all
infectious agents are in just one bin), to zero, for an evenly distributed state (when
each bin contains precisely the average bin count). Although the evenly distributed
state is possible, it is not often realized. Instead, a more realistic situation occurs
when each infectious agent is equally likely to reside in any bin. This is known in the
literature as the complete spatial randomness (CSR) state [13, 19, 23]. The CSR limit
for the index [5, 6] is
JCSR(t) ≈ 1n(t) −
1
LH
.
We compare this limiting value to the average index, defined as
J(t) =
1
N
N∑
i=1
ji(t),
where ji(t) is the ith realization of the index.
Presented in Figure 5 are results for identically prepared initial conditions c(x, 0) =
0.1H of infectious agents which are distributed uniformly at random throughout the
entire spatial domain. When visually inspecting the simulations in Figures 5(a)
and 5(b), for two values of the transmission rate, we see that it is difficult to ascertain
whether the infectious agents are distributed at random throughout the domain. The
evolution of the average index for these two values of the transmission rate is compared
to the CSR values in Figure 5(d). For the lower value of the transmission rate
parameter, β = 0.01, the spatial domain of infectious agents is well homogenized
as the average index is close to the CSR limit. This contrasts with the higher
value of the transmission rate parameter, β = 0.2, where the spatial distribution is
nonhomogeneous, as the average index deviates from the CSR limit. Only when
t = 0 (that is, the initial condition) and when the lattice is completely occupied with
infectious agents is the CSR state achieved.
46 B. J. Binder et al. [10]
10050
t = 10
y y
t = 10
I(x
,
 
t)
t = 10
J(t
)
0
20
1
0.5
0
10050 10
–6
10–4
10–2
100
0
20
10050
8 124
x t
x x
(a) (b)
(c) (d)
F 5. Spatial analysis with D = 0.25, c(x, 0) = 0.1H, L = 100 and H = 20. (a) Simulation with
β = 0.01. (b) Simulation with β = 0.2. (c) Proportion of infectious agents (solid curves, N = 25) from
the hybrid model compared with the solution of Fisher’s equation (dashed curves). From bottom to
top, β = 0.01, 0.2, 0.5. (d) Average index with M = 80 equal-sized bins (solid curves, N = 25) and CSR
limiting value (dashed curves). From bottom to top, β = 0.2, 0.01.
6. Discussion
We have described a hybrid model for the spread of an infection in a closed
population of susceptible and infectious individuals. The hybrid model’s average
properties are coupled to a continuum model. This provides a useful framework to
investigate the spatial properties of the system at both the individual and population
levels.
The spatial aspects of an epidemic are often of much interest, and vital to effective
control, yet parameterizing and studying spatial models for subsequent use in control
scenario testing is extremely difficult. Here we have linked the agent-based model
with average properties of the system through a continuum model. This allows for
partial parameterization via matching the (average) population level properties to
data, and then subsequently considering the spatial aspects. It allows for assessing
nonhomogeneity in the epidemic process, which may lead to the identification of
mechanisms for more effective control. Moreover, if highly detailed population level
data of an epidemic exist, then the continuum component of our model could be
replaced with the empirical growth rate, reducing the dimension of the system by
exactly matching the population level properties of the epidemic.
The agent-based model considered here could be extended further. For example,
geographical barriers to transmission, and other spatial heterogeneities in the
landscape occupied by the population, may be captured by changing the probabilities
of movement; this then allows for a study of the spatial patterns that arise for a
given (average) population level growth in an epidemic in a given environment.
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These (average) spatial patterns may be used to identify possibly novel behaviours
in host movement and transmission, by comparison to completely at-random results;
furthermore, they may be used for parameterizing from spatial data.
To illustrate the potential of this framework for studying the spatial aspects of
an epidemic, we investigated the evolution of the spatial distribution of an initial
population of infectious agents that is dispersed uniformly at random. The spatial
index considered provides a summary of the spatial heterogeneity in a domain, but
there is much room for extending this analysis. Ideally, we wish to develop a
hypothesis test that allows us to test whether the infectious agents are uniformly
distributed in the domain or not. Our framework allows us to develop such a test,
and one in which we can hold the population level properties constant.
Finally, our concept of hybrid modelling could be extended to study more complex
systems in epidemiology. For example, introducing a subpopulation of recovered
individuals (the SIR model) with motility would lead to a system of partial differential
equations, which would be coupled to the agent-based modelling. Future work will
consider all of these extensions.
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